ARROW TRAJECTORY

In the absence of air resistance the trgectory of an arrow iswell known to be a parabola. introducing
aerodynamic drag makes the problem of defining the trgectory in Smple analytica functionsimpossible
- the only solution if accurate results are essentid is to Smulate the dynamics by using the known
parameters. This gpproach is not very useful if we seek to understand how varying the parameters
affectsthe flight path. Luckily, there is an gpproximate solution which does the trick for most practicd
purposes - i.e. target and field archery. Clout and popinjay archery requires smulation. The present
note covers the two andytica solutions.

No Drag

The only force on an arrow in the absence of drag is due to gravity. This acts downwards with an
accderation of g. Using the conventiond Cartesian axes and ignoring z for the present, the equations
of motion are:
X =utandy =y +Vvt—3gt

whereu and v aretheinitid veloditiesinthe x and y directions respectively. t representstime and yp is
the sarting height to the arrow. Aswe are only interested in the trgjectory t can be diminated to give
y as afunction of x

YOO = Yo + X — 55X
Thisisthe equation of aparabolagartingat x =0and y=Ypo.

It is convenient to imagine that the reference point of the arrow isthe nock since thisis the part of the
arrow which isactualy at zero range initidly. If the target were a sheet of paper, the nock would pass
through the hole made by the pile so no loss of accuracy for results from this convention.

An example comparing this case with that including drag follows the next section.

Including Drag

To amplify the andyss the following gpproximations are made:
- All anglesare smdll
- Any wind isblowing in the z direction only

Thus, the forces on the arrow in flight are:

- Drag in adirection opposite to the arrow velocity vector

- Gravity acting only in the'y direction with an accderation —g

- Wind pushing the arrow in the z direction with an acceleration —h,

The ingtantaneous drag is given by —kV2 where k is a congtant and V isthe velocity of the arrow. The
drag acceleration acts in the same direction (abelt negatively) as the velocity hence it can be resolved
into its Cartesan components with the same direction cosines asthe velocity. If wetakeu, v and w as



the components of the velocity vector in the x, y and z directions respectively, then the drag
components in these directions is—kVu, —kVv and —kVw . The angle between u and V issmdl so the
direction cosneis near unity so we may make the approximation V = u.

Accderation is the rate of change in velocity with respect to time but we ae interested in the rate of
change with respect to distance in the x direction. In generd, %0 0— =Ug (} where the

parentheses represent any variable. Using this relaionship, the equatl ons of mot| onae

Ug, =—Kku® or - =—ku
ud—‘)iz—kuv—gorggv(z—kv—%
W W h
Ug =—Kuw—hor & =—-kw—g

Note that the form of the equations for they and z components is the same.

In the x direction the equation may be integrated directly to give u = uge™ where ug istheinitia
velodity.

Inthey direction we note that
2 vy = Te* 4 kvel = ( +kvye!
aso, since u isnow known 3 = 2 so from the equations of mation
L ve*y =—ge?
Thisnow integratesto give

veki = 3 g2y C
2kun

where C isacongtant i.e.
v=Cetx— gk

2kun
va:vcatx:O(Whene"le)then

9
C— orC v0+2ku

hence

— kX _ ek
V=Vpe 2ku (e~ )

Further integration will yield y asafunction of x asfollows

y _dyydx _ v _ Vo _ 2kx
d atla = Uo 2k2(e —Dor
Yo, _9 -1
y=1g,X " 2k —-X}+D

where D isacongant. If y=yp ax= Othen
YO - kz 2

y= yo+u—0x [2k(e2'°‘ 1y - x}

or

For practica purposes apower seriesis easer to manipulate to get afed for what isgoing on. Inthe
equation for y therefore it is convenient to expand the first few terms of the expression in square
brackets.

[ J=2@+2kx+ L 8y _1y—x
= kx?(1+2kx)



Subgtituting in the equation for y gives
Y= Yo+ ioX— 55X L+ 2kx)

Since the form of the equations for they and z directionsis the same, we may write down the z resuit
by inspection.

=70+ Moy N 2142
Z=12p+ X 2ngx (1+3kx)

Example

Comparing the results for the trgectory with and without drag it is evident that the only differenceisthe
term {1+ %kx) . Now from the results quoted in the note on arrow drag, k = 0.00375 metres™ oiif x
isin metres, the term becomes {1+ 0.0025x}. Typicd vaues for the other parameters might be
Yo = 1.5 metres, up =50 metres/sec, vo = 5 metres/sec, g = 9.81 metres/sec/sec
gving
y =1.5+0.1x — 0.001962x2{1 + 0.0025x}
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